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Abstract 



We discuss the four dimensional effective action for type IIB flux 
compactifications, and obtain the quadratic terms taking warp ef- 
fects into account. The analysis includes both the 4-d zero modes 
and their KK excitations, which become light at large warping. 
We identify an 'axial' type gauge for the supergravity fluctua- 
tions, which makes the four dimensional degrees of freedom man- 
ifest. The other key ingredient is the existence of constraints 
coming from the ten dimensional equations of motion. Applying 
these conditions leads to considerable simplifications, enabling us 
to obtain the low energy lagrangian explicitly. In particular, the 
warped Kahler potential for metric moduli is computed and it is 
shown that there are no mixings with the KK fluctuations and the 
result differs from previous proposals. The four dimensional po- 
tential contains a generalization of the Gukov-Vafa-Witten term, 
plus usual mass terms for KK modes. 
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1 Introduction 

Understanding warp effects in string theory is important both for theoretical 
issues (e.g. gauge/string dualities) and for making more precise four di- 
mensional predictions. The original motivation for warped geometries comes 
from considering stacks of large numbers of branes, and reveals deep dualities 
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between super gravities and gauge theories, as in the AdS/CFT correspon- 
dence pp. A well studied duality with M = 1 supersymmetry involves the 
gauge theory of D5-branes wrapping an isolated two-cycle of a Calabi-Yau 
compactification (the resolved conifold, see for example [2]). It is dual to a 
ten dimensional supergravity solution found by Klebanov and Strassler [3]. 
In this example it is clear that nontrivial variation of the warp factor is re- 
lated to the nonzero beta function of the theory, while the deformation of the 
conifold is associated to the mass gap. Some analysis of fluctuations around 
this background has been made [U El EE E] . 

Warped geometries also play an important role in supersymmetry break- 
ing scenarios from string theory. For instance, placing antibranes at the 
end of the conifold, [H] found a supergravity dual of a nonsupersymmet- 
ric field theory. Other approaches include brane-antibrane systems 0, HD] , 
and various other geometrical effects [HI [12]. There have also been recent 
developments in metastable vacua, following the work of [IB]; see, for exam- 
ple [Hj-[I7]. Overall, these works suggest that strongly warped supergravities 
which break supersymmetry are dual to dynamical supersymmetry breaking 
in gauge theories. 

These works studied the local geometry near small cycles in the compact 
manifold, as this is what is relevant for gauge-gravity duality. The global 
study of warped compactification is far more difficult, as one cannot find 
exact solutions in this case. Nevertheless one can make progress by combin- 
ing a well chosen ten dimensional ansatz with results obtained from some 
corresponding four dimensional effective field theory. In particular, one can 
look for solutions obtained from a six dimensional Calabi-Yau manifold, by 
turning on additional fields, and adding conformal and warp factors to the 
metric. While explicit Calabi-Yau metrics are not known, a great deal of 
technology has been developed to compute low energy observables anyways, 
which might be adapted to these warped solutions. 

A prototype here is the work of Giddings, Kachru, and Polchinski (GKP) 
[18] . who considered type IIB flux backgrounds satisfying certain BPS-type 
conditions (see [HI [20l [211 122] for reviews and [23J [2U [25] for earlier work). 
They were able to derive many properties of the dimensionally reduced the- 
ory, including the flux superpotential and the generation of large hierarchies. 
An important lesson from GKP is that the dimensionally reduced action 
encodes many features of the full theory in a simple way. 

The actual results of GKP did not include the warp corrections to the 
four dimensional effective action. While this is consistent in the limit of 
large volumes or small fluxes, clearly one would like to go on and derive 
these corrections. 

To begin with some general comments, the warp factor is not holomor- 
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phic and thus one expects it not to affect holomorphic quantities such as the 
superpotential and gauge kinetic termsQ However, in general it will affect 
non-holomorphic quantities such as the Kahler potential. Furthermore, since 
the warp factor is produced by backreaction from fluxes and branes, one can- 
not hope to find a general formula for the Kahler potential purely within the 
moduli sector; rather it must couple moduli and other matter. One approach 
is to keep the warp factor as a six- dimensional field which is determined by 
the fluxes and matter by solving a six-dimensional equation, and then use 
it in defining the 4d effective Kahler potential. If this 6d equation uniquely 
determines the warp factor, we can still regard the formalism as a 4d effective 
action. 

A first attempt at a quantitative analysis was made in [2H], where a con- 
jecture was made for the effect of warping on the complex structure moduli 
space metric (see also [30] for an earlier study of warped moduli space). Fur- 
ther study of the fluctuating modes was made in (26J, EU [32], [33] . However, 
these analyses became extremely involved due to mixings between the vari- 
ous ten dimensional modes and the need for "compensator fields," and simple 
results were not obtained. For example, the validity of the conjecture of [2H] 
remained unclear. This was further studied in the language of generalized 
complex geometry in [28] . 

Another fundamental difficulty is that, given strong warping, KK modes 
can acquire masses of the same scale as the stabilized complex moduli, so they 
may need to be included in an effective description. At present, a consistent 
effective action is unknown, and there are doubts regarding the validity of a 
four dimensional description (26] [33] [31] . 

The aim of our work is to perform a consistent dimensional reduction 
in the presence of warping, including both the 4d zero modes and the first 
KK excitations. The main obstacles which will be faced are finding a well- 
defined compactification procedure (we will point out the subtleties in a 
moment), and identifying the correct 4d degrees of freedom from the highly 
coupled lOd fluctuations. Before starting, we review the warped supergravity 
backgrounds which will be considered, and then summarize our work. 

1 A caveat here is that the 4d superspace formulation of warped compactifications is 
not yet fully understood. It has been suggested [2S] that some of the holomorphic Kahler 
coordinates should be expressed as periods of warped forms. See also [?fl [25] , 
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1.1 Review of GKP ansatz 



Following |18| . one starts with the bosonic action 

9-9+9 - 1 Id^xr-aiR G 3 ■ G 3 F* , 

C4AG3AG3 

- + bloc- U--U 



8fi;f J Imr 

We take space-time to be a warped product of M 3 ' 1 with a six dimensional 
Kahler manifold M. Let g mn be a Ricci-flat Kahler metric on M, then the 
metric ansatz is 

ds 2 1Q = e^^dx^dx" + e- 2A ^~g mn dy m dy n . (1.2) 

The field strengths are chosen to preserve Lorentz invariance and self-duality 
is imposed on the five form, 

G 3 = \G mnp (y)dy m dy n d y v = F 3 - rH 3 , (1.3) 
o 

p 5 = d m a(y)(l + i<)dy m dx°dx 1 dx 2 dx^ . (1.4) 

Since we are interested in flux compactifications, we will assume that F 3 and 
H 3 are three- forms in nontrivial classes of H 3 (M, Z). 
The warp factor is of the general form 

e -4A(„) = c + e -4A (y) (L5) 

where the dimensionless parameter c is related to the total volume by Vcy ~ 
a /3 c 3//2 , and A is produced by matter sources (fluxes or branes). The large 
volume limit c 3> e~ 4A ° corresponds to a small number of fluxes or branes, 
where backreaction may be ignored. In the present work we will address the 
general case, which includes the strongly warped limit c e~ AA ° . Notice 
also that in this regime the c fluctuation does not coincide with the usual 
parameterization of the universal Kahler modulus as an overall scaling of the 
underlying CY [26J. 

Furthermore, we will concentrate on the BPS backgrounds of [18] , which 
are analogous to the brane metrics of AdS/CFT. These satisfy 

« = e 4A , \(T™-T»t c = T 3 p l ° c . (1.6) 

As a result, the equations of motion are verified automatically if the three 
form flux is imaginary self-dual (ISD): 

* 6 G 3 = iG 3 . (1.7) 
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Similar conditions may be written for backgrounds sourced by anti-branes, 
with the flux becoming IASD. As pointed out by GKP, the ISD condition fixes 
the complex structure moduli and leads to a constant background dilaton. 

Small fluctuations around this background should be described by a 4d 
M = 1 supergravity effective action. A reasonable starting point for this is to 
take the Af = 2 supergravity obtained by KK reduction of lib supergravity 
on M, and then apply an orientifold projection. This is expected to be a 
good description in the large volume limit, with small quantum corrections. 
Furthermore, we are assuming that backreaction can be ignored and thus 
the warp factor is essentially constant. This will be true if we take the limit 
a' —>■ while holding the number of flux units N fixed. Conversely, large 

dualities or large hierarchies arise, even in the a' — > limit, when a'N is 
held fixed. 

In this limit, the 4d Kahler potential for the metric moduli takes the 
well-known form, 

K = -31og(-i(p + p))-log(-i / J A J A J) -log {- i / Q A 0) . (1.8) 

J J M 

Fluxes generate a scalar potential for the complex moduli, 

V= -2^rrL G3M + lSs) <19) 

which vanishes in the ISD case. From the scalar potential and Kahler po- 
tential we can infer that the superpotential for the complex moduli is of the 
Gukov-Vafa-Witten type [HI EEl M, E7] , 

W GVW = f fiAG 3 (1.10) 

J M 

while the Kahler moduli only receive non-perturbative superpotential contri- 
butions 1 381. 



1.2 Towards an effective description of warping 

Steps towards including the effects of warping were taken in [22] • The sim- 
plest is to change the relation between the lOd Planck scale, the 4d Planck 
scale, and the volume of the internal manifold, to 

Mpi,4 {Mpi,m\\, 
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where Vw is the "warped volume" of the internal manifold, 

V w = J d 6 yy/f 6 e- 4A . (1.11) 

Then, the potential and kinetic terms of the 4d effective action were com- 
puted by KK reduction. In particular, the kinetic terms for the moduli were 
obtained by varying the Einstein-Hilbert action around the metric ansatz Eq. 
(11.21) . obtaining 

G% = d a dpK w = J d 6 yy% e~ 4A d a ~g mn 8fg mn . (1.12) 

Then, substituting in the variations of the 6d metric with the moduli, it was 
found that the warp factor corrections change Eq. (11.81) to 

K w = -31og(-i(p+p))-log(-i / e- 4A JAJAj)-\og(-i [ e~ 4A nAQ) 

JM JM 

(1.13) 

However, in [26] and other works, it was realized that this analysis was 
somewhat oversimplified. One reason for this was that, in generalizing the 
KK ansatz to fields which vary in the four dimensions, one often needs to add 
terms which depend on derivatives of the fields. These "compensators" were 
discussed at some length in [26] , with the conclusion that they are necessary, 
and do contribute to the kinetic terms, placing Eq. (11.131) in some doubt. 

As mentioned before, KK modes becoming light in regions of strong warp- 
ing also need to be included in the effective action. While there are a few 
compactifications in which a consistent truncation to a small subset of modes 
is possible [10], usually this is not the case, and there is no reason to believe 
it is so for an arbitrary Calabi-Yau compactification. Furthermore, in [26] 
it was claimed that mixings between the zero modes and their KK fluctua- 
tions are expected even at the level of the kinetic terms. Unlike the usual 
Calabi-Yau case, this would imply that the low energy dynamics truncated 
to metric moduli is inconsistent! 

1.3 Some applications of warped effective theories 

Warped compactifications are ubiquitous in the constructions of phenomeno- 
logically attractive string vacua, both for applications to particle physics and 
to cosmology. Thus, understanding effective theories in the presence of warp- 
ing is essential for investigating the physics of such vacua where a hierarchy 
of scales can be generated. For example, in the construction of de-Sitter 
vacua in [38], the existence of a strongly warped region is a key ingredient 
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for the uplifting procedure. To properly describe the physics around these 
stabilized vacua, it is important to understand corrections to the effective 
theory due to warping. Furthermore, many crucial aspects of supersymme- 
try breaking in warped backgrounds - including its mediation mechanisms 
[HI H2] , sequestering of supersymmetry breaking [13] , and the computations 
of soft terms - depend on quantitative details of the warped effective theory. 
In fact, if warping is responsible for generating the electroweak hierarchy, a 
plausibly distinct signature of warped throats is the production of massive 
KK resonances at colliders; the precise signatures can depend on details of 
the warped geometry and of the interactions involving the KK modes [5l] . 

On the other hand, explicit models of string inflation often make use 
of D-branes in warped throats since the warp factor can help in flattening 
the inflaton potential [Hj. Predictions of these models depend strongly on 
the underlying effective action describing the closed string moduli as well as 
the moduli parametrizing the position of the mobile D-brane jl5]. Hence, 
modifications to the effective action due to warping could have interesting 
phenomenological and model building consequenses. Furthermore, the end 
of D-brane inflation typically results in a brane and antibrane annihilating, 
with most of the energy ending up in KK modes of the warped throat [361 W7\. 
Reheating of the universe occurs when the KK modes decay on the branes 
which realize the Standard Model, and thus the details of reheating depend 
on the properties of the KK modes 113 HS1 H21 EO]. Therefore, the mixing 
among KK modes can have important consequences for these issues. 

In light of these applications, it is an important problem to compute the 
dimensionally reduced effective action for warped compactifications, taking 
the previously identified challenges into account. 

1.4 Summary of the paper 

In this work we develop the theory of warped compactification as follows. 
In section [2] the theory is analyzed from a ten dimensional perspective in 
the axial gauge g^ m = 0. We identify the lOd fluctuations and compute 
their equations of motion. In subsection 12.11 we define, for each type of 
fluctuation, a basis of "warped" internal wavefunctions which will be used 
throughout the work. An important result is that metric fluctuations must 
satisfy the constraints Eqs. (12.211) and (12.221) . which follow from the (/xz/) 
and (fim) Einstein equations. We provide a general formula for the effective 
action in Eq.flQ}. 

Sect ion [H] presents the four dimensional kinetic terms for the different fluc- 
tuations. It is argued that there are no terms with two space-time deriva- 
tives mixing the metric moduli with any of the other light modes, in the 
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basis of "warped" KK modes defined in subsection 12.11 Therefore, even in 
the strongly warped limit it is consistent to study the propagators associated 
to such moduli independently of the other fields. In Eq. (13.211) we present 
the warped Kahler potential for complex moduli and address various puzzles 
related to this term. 

In section H] we study the geometrical KK masses, nonvanishing even for 
zero fluxes. Subsection 14. ll provides a mathematical and physical justification 
for the use of the previous basis of "warped" eigenmodes. We show that these 
mass terms do not mix the metric moduli with KK excitations, while we do 
find quadratic couplings between massive graviton and internal metric modes. 
This suggests that a certain geometrical Higgs mechanism may be at work 
in the warped compactifications being analyzed. 

Finally, in section [5] we find the flux potential for the metric fluctuations, 
including KK modes. The result, given in Eq. (15.61) . is a warped gener- 
alization of the Gukov-Vafa-Witten potential. Interestingly, this potential 
exhibits possible mixings between the moduli and their KK tower. Our anal- 
ysis applies to nontrivial axio-dilaton fluctuations as well, which also mix 
with the metric moduli. In the appendices we collect various useful formulas 
and show some of the computations in detail. 

2 From 10 to 4: Warped Fluctuations and 
Effective Action 

In this section, the general procedure for obtaining the effective action for 
warped flux compactifications will be described. First, we identify the ten 
dimensional fluctuations of the metric and matter which give rise to 4d fields. 
Key to our analysis is the choice of a supergravity gauge fixing condition, 
which simplifies the problem considerably. Examining the equations of mo- 
tion, we find the existence of constraint equations; these relate different fluc- 
tuations to each other and fix residual gauge transformations. Finally, we 
provide a general formula for computing the effective action. 

2.1 lOd perspective for fluctuations in IIB supergravity 

From a ten-dimensional point of view, the dynamics follows by considering 
infinitesimal fluctuations around the previous backgrounds in which the mod- 
uli are spacetime dependent, and then solving the corresponding equations 
of motion. The zero mode sector includes the complex and Kahler moduli 
u 1 = (p\S a ), the 4d graviton h^^x), the axio-dilaton r (x) (both are con- 
stant on the internal manifold), and the various massless p-form fields coming 
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from decomposing (C*2, B 2 , C4) into harmonic forms. For each of them we will 
include the corresponding tower of KK excitations. 

We will take the fluctuations of the 10- dimensional metric, in the presence 
of dynamical moduli, to have the form 

S(ds 2 ) = 5g^dx»dx u + 5g mn dy m dy n . (2.1) 

where 

y) = e 2A{y) [2 5A(x, y)rj^ + 5 K g^(x, y)\ , (2.2) 

Sg mn {x, y) = e~ 2A{v) [-2 5A(x, y)g mn {y) + Sg m n(x, y)] . (2.3) 

Here Sxg^ are 4d graviton KK modes (which are not necessarily transverse- 
traceless), while 5g mn encode the metric moduli u 1 and their KK modes. 
Since the warp factor depends on the moduli, a fluctuation 5g mn induces in 
turn a variation 5 A = u^A/du 1 . It is not consistent to set 5 A = 0. 

In general there are also off-diagonal moduli-dependent fluctuations of 
the form 5g^ m ~ d lx u(x)B m (y) [2S1 EH]- The reason for this particular form 
is that in the limit in which the moduli become constant, we should recover 
the background ( II. 2ft . These are gauge dependent and as we will discuss 
elsewhere [62] we can remove them by going to an "axial" type gauge 

%m = . (2.4) 

This choice will make the four dimensional degrees of freedom manifest. As 
explained in the next subsection, the remaining diffeomorphisms that pre- 
serve this condition are fixed by the equations of motion. 

To isolate the zero modes from their KK partners, we expand the metric 
fields in a basis of eigenmodes for the internal manifold: 

5 K g, v {x,y) = Y. h U x ) Yh (y) ■ ( 2 - 5 ) 
h 

5~g mn {x iy ) = « /2 (*) Ymniv) . I 2 - 6 ) 
h 

The multi-index Jj, i = 1,2, runs over the different types of metric fluctua- 
tions and, for each type of fluctuation, over the 4d KK tower. Jj = gives 
the zero mode of the appropriate Laplacian on the internal manifold. To be 
precise, in Eq. (12.61) we must specify a gauge. This will be Eq. ( I2.22p as we 
discuss below. 

We certainly have the freedom to choose different complete bases of in- 
ternal wavef unctions; this amounts to making field redefinitions in the four- 
dimensional theory. Different choices represent the extra dimensions in rather 
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different ways and our aim is to find the one that yields the simplest descrip- 
tion. For instance, for a scalar mode in six dimensions, there are two natural 
possibilities, either 

V 2 Y i (y) = e^X 2 Y i (y), (2.7) 
or the usual unwarped KK modes, 

V 2 y i {y) = v 2 y i {y). (2.8) 

However, since in a warped compactification the mass eigenmodes will be 
given by Yi(y), it is much simpler to expand the ten dimensional fields in the 
first basis of "warped" KK modes. 

One can check that Eq. ( 12. 7ft is a well-defined Sturm-Liouville problem; 
thus if we use the inner product in which this linear operator is self-adjoint, 
non-degenerate eigenvectors will be orthogonal and we can orthogonalize 
degenerate eigenvectors. Thus we can choose a basis in which 

J d & y^g~ G e- AA Y t {y)Y 3 {y) =05^ . (2.9) 

In the following, this is made explicit in each sector. 
Metric fluctuations 

We will take the eigenmodes ( 12.51) . ( 12. 6ft to be solutions to the respective 
eigenvalue equations, 

V 2 Y h = e- 4A{y) X 2 h Y h , (2.10) 
l -K L Y^M = SG mn = e-^X 2 h Y^ n (y) ; (2.11) 

here A^ is the Lichnerowicz laplacian for g m n- The eigenmode expansions 
(12.111 12.101) lead to orthogonality relations between different modes 

M kk 5 IuJl . (2.12) 

(y) = G^5 l2yh . (2.13) 

Indices with tildes are raised with g mn . 
Dilaton fluctuations 

Fluctuations of the dilaton are of the form r = r + 5r(x,y), where 
ImTo = g~ l ^> 1 and is constant in the internal space. Since the axio-dilaton 
is a scalar from the six-dimensional point of view, its expansion in KK modes 
is the same as for the graviton: 

Sr = 5t (x) + 5 K r(x,y) = 6t (x) + ^ t h (x)Y h (y) . (2.14) 

h 



\ J d e yy ^e-* A Y* Y Jl 
d e y^/g~ 6 e- 4A ^Yll(y)Y J ^ 
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The orthogonality relation for the dilaton KK modes then reads, 

- 4(Ii \ 2 f d 6 y^/f 6 e- iA Y h (y)Y J i(y) = M k T k 6 hJl . (2.15) 

p-form fluctuations 

The various antisymmetric tensors have an expansion of the form 

F 3 -^F 3 + d8C 2 , H 3 ^ H 3 + d5B 2 , 

F 5 ^ F 5 + d(5a) Ad 4 x + d5C 4 . (2.16) 

(F 3 , H 3 , F 5 ) denote the background GKP values, while the derivative vari- 
ations include the zero modes (harmonic forms) and their KK excitations. 
Note that because of the background BPS relation a = e 4A , fluctuations of 
the 4-form are induced by fluctuations of the warp factor (which are in turn 
induced by fluctuations of moduli), e.g. 5a = Se 4A . 

As with the metric, when the moduli are promoted to spacetime de- 
pendent fields in general one should include terms in the p-form fluctua- 
tions proportional to spacetime derivatives of the moduli, 5C 2 ~ du 1 A Tj, 
5C 4 ~ du 1 A Sj 3 ^ + ... As shown in Appendix [A], solving the flux equations 
of motion leads to the identification of these fluctuations as pure gauge, and 
we will fix the gauge freedom by choosing them to vanish. This is the analog 
of Eq. (12.41) . This is a crucial simplification and is particular to GKP back- 
grounds. In more general settings [26], the previous is not true and the ten 
dimensional analysis becomes quite involved. 

In principle, a nontrivial warp factor could induce mixings between the 
four dimensional scalars coming from these p-forms and the metric moduli. 
However, we will argue in section I57T1 that this is not the case; for this reason, 
we will not perform a full analysis of this sector. 

2.2 Ten dimensional fluctuated equations 

The linearized equations for the fluctuations are 

SGmn = k 2 w 5T mn , d6F 5 = 5(H 3 A F 3 ) + 2k 2 ig 8{T 3P 1 3 oc ) , (2.17) 
d6[e 4A (* 6 G 3 -tG 3 )] =0, 6(* m F 5 ) = 6F 5 , (2.18) 

V m V m 5 k t = ~^S(G 3 ■ G 3 ) , (2.19) 
using the usual formula 

5R MN = ~^V P V p5g M N—jV mV ' N g PQ SgpQ+^ P ^ ^m^tvp+^V p V ' N 5g M p ■ 

(2.20) 
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These equations are discussed in more detail in the Appendix. 

An important point of this work is to recognize that some of these equa- 
tions contain at most first order space-time derivatives. These "constraints" 
are familiar from systems with gauge redundancies. For example, in general 
relativity, Go* — Toi does not contain second order time derivatives, and so 
it has to be satisfied by any consistent solution, at all times [S3]. Another 
famous example of this type is Gauss' law in electrodynamics. We now iden- 
tify such initial value constraints for warped supergravities. They will play 
a crucial role in simplifying the four dimensional action. 

One such constraint comes from the (fiu) Einstein equation^!, 



SG uv -K 2 w 6T uv = d u d u (46A- 







Subtracting out the trace of this equation, we obtain the constraint 



5A= -8g. 



(2.21; 



Computationally, this is a very useful relation, allowing us to replace the po- 
tentially complicated fluctuation 6 A by 6g. This equation has a nice physical 
interpretation as the invariance of the warped volume Eq. (11.111) with respect 
to fluctuations of the moduli, 5Vw = 0. 

Another constraint comes from the (fim) Einstein equation 



2^ 



mn ~ TflrnJg) ~ 4<9™ A Sg mn 



which indicates that the condition 







V n (^ mn - -g mn Sg) = A{d h A) 5g r , 



(2.22) 



must be satisified. This resembles a warped generalization of the harmonic 
gauge and, indeed, it fixes the remaining six dimensional diffeomorphisms 
that leave the axial gauge (12.41) invariant. However, it must be stressed that 
this is not a choice, but a constraint imposed by the dynamics. Fluctuations 
that do not satisfy this consistency expression will not give a consistent ten 
dimensional solution. 

Finally, another set of constraints follows from the moduli-dependent 
parts of the five form and three form equations of motion, self duality, and 
Bianchi identities, (I2.17H2.18]) . We will not write these out in detail here - 
explicit use of them will be made in the Appendix. 



2 A similar expression is found in the dimensional reduction of the radion in the Randall- 
Sundrum model |54j . 
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2.3 Four dimensional effective action 



As the final step in our general discussion, we wish to understand the dy- 
namics from a four dimensional action principle, by first compactifying the 
supergravity action on a background satisfying the ten-dimensional equations 
of motion, and then integrating over the internal coordinates, along the lines 

of [55]. 

There are some known subtleties in doing this. First, the type IIB super- 
gravity action is ill-defined due to the self-duality of the five form. The pro- 
cedure which will be followed here is to project out half of the 4-dimensional 
degrees of freedom of the five form and double the coefficients of the _F 5 2 and 
Chern-Simons term Second, the Gibbons-Hawking- York term [5E] must 
be included in the dimensional reduction to cancel certain total derivative 
terms of the variation of the gravitational action. 

The dimensionally reduced effective action is then obtained by expanding 

S= [ d 10 x^(g MN R MN + C matter ) + 2 [ d 9 xVhK (2.23) 

JM JdM 

to second order in fluctuations. After some algebra, the result is, 

S eff = T*- f d 10 x^\ - (5g) MN (8G MN - 5T MN ) + S 2 C matt J + 0(5g 3 ) , 

4K 10 J I J 

(2.24) 

where 5 2 C ma tter represents second order fluctuations of the flux and dilaton 
terms in the effective action with respect to the flux and dilaton fields. This 
reproduces the correct ten dimensional equations of motion. To perform 
the dimensional reduction, one expands the fluctuations in terms of internal 
eigenmodes and integrates over the compactification space, while imposing 
the constraint equations (12.211 12.22p derived in the previous subsection. 

Formally, in this process we are including all the (infinite tower of) KK 
modes, to quadratic order. The details of each particular region of strong 
warping will then determine a truncation of the KK tower to keep only the 
lightest modes. Higher order interactions may also be analyzed by further 
expanding, for instance, the Einstein-Hilbert term. The existence of trilinear 
couplings between moduli and KK modes may have interesting consequences. 
In the rest of the paper we will study this effective action, sector by sector, 
in detail. We present the full computation in Appendix [B] 
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3 Warped Kinetic Terms and Moduli Space 
Metrics 



This section is devoted to the analysis of the terms in the effective action 
that contain space-time derivatives. The main result will be that the kinetic 
terms for all sectors decouple and are diagonal in the KK mode expansion, 

c kin = uh Duh + M h k E h h % + M r k Yl th D?1 • 

h h h 

Here, E^ u is the linearized four dimensional Einstein tensor and Jj runs over 
the different moduli and their KK towers. This implies that (even with a 
nontrivial warp factor) the propagators for the moduli and for the light KK 
modes do not mix. The diagonality of the kinetic terms implies that the 
Kahler potential is also diagonal to quadratic order in the fluctuations of the 
moduli and the dilaton (and their KK modes), 

K = G {u) uh u h + Mf ^ • (3- 1 ) 
h h 

3.1 Axio-dilaton and j9-form modes 

As a warm-up, we first consider the kinetic terms for the axio-dilaton and the 
p-forms. Here the dimensional reduction is simple but nonetheless ilustrates 
some of the features that will appear in the more involved analysis of metric 
fluctuations. 

From Eq. ( 11. ip . the axio-dilaton is a ten-dimensional scalar field with a 
nonlinear metric. Expanding around the background value tq according to 
(I2.14p . the kinetic term turns out to be 

h,ji 

where the warped metric is 

= 4(I^)nV / fvyfce-^YMYM ■ (3.3) 

Notice that the dilaton metric (13.31) is proportional to the orthogonality re- 
lation on the internal space (I2.15p . so that the Kahler potential, to quadratic 
order, becomes (taking A4^ k = GjX ) 

K (r) = M kk t h (x)i h (x) . (3.4) 

h 
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The conclusion is that, at this order, there is no mixing between the various 
dilaton KK modes in the kinetic term. Had we used the unwarped KK 
expansion of Eq. ( 12. 8ft . the kinetic term would have exhibited complicated 
mixings. 

Next we discuss a rather different behavior, arising from the one-form KK 
modes of C4: 

5C 4 = J2vi(x)dx^A X I (y), 

I 

where x I (y) = ^xlnnp dy mnp . This case is relevant for D-term supersymmetry 
breaking [57|. Replacing this in the F 2 term of the action (jl.ip . we find 

42 = 4^*4^. (3.5) 
The metric appearing here is 

g u=J2jv- I xi(y)AMxM, (3.6) 

7J 4 Vw Jm 

Therefore, the field space metric coincides with the unwarped one, with the 
result that the corresponding D-term cannot be made parametrically small by 
the large hierarchy of the throat. The field space metric for the massless 
mode can be shown to coincide with Im<9 2 .F, where T is the Calabi-Yau 
prepotential. 



3.2 Graviton fluctuations 

After having gained some intuition with the previous simpler sectors, we will 
now consider the metric fluctuations, 

S(ds 2 ) = e 2A [25 A Vfiu + 8 K g^\ dx^dx" + e' 2A [ - 28 A g mn + 8g mn ] dy m dy n . 

(3.7) 

The kinetic term for this sector follows from dimensionally reducing the 
Einstein-Hilbert part of the supergravity action, according to the prescription 
Eq. <^M>- 

The variation of the warp factor makes this computation highly nontrivial 
in at least two aspects. First, from the space-time variation we expect mix- 
ings between the trace part of the graviton moddfl and the moduli through 
8A, 8g. Further, the internal metric variation is no longer proportional to 
8g mn (since it includes 8A fluctuations) so the relation between a complex 

3 Note that we have not chosen the standard transverse traceless gauge for the graviton, 
which is in general not consistent with axial gauge 
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modulus of the underlying Calabi-Yau (8G mn = 0) and a zero mode of the 
full warped metric (8Gmn = 0) may be very involved. 

Our first result will be to show that, in spite of the possible couplings 
suggested by (13.71) . there are no space-time derivative mixings between 8 k 9 
and 8g mn . The simplest way of understanding this is by doing a conformal 
transformation, and for this it is actually better to work with the metric 
containing the fluctuations to all orders: 

ds 2 = e 2A ^ 9fiv (x, y) dx»dx v + e~ 2A ^ g mn {x, y) dy m dy n . (3.8) 

The x dependence in A and g mn comes from promoting the moduli to space- 
time dependent fields and from their KK modes. The graviton is associated to 
the fluctuating metric g^ u {x, y) and does not induce warp factor fluctuations. 
Consider the conformal transformation 

ds e ds , g^a, g^u i 9mn 6 9mn j (3-9) 

which leads to a change in the Ricci scalar [53] 

R -> e- 2A (£ + 9x8 g LM d L A d M A) , (3. 10) 

after an integration by parts. The conformally rescaled metric c/mn does 
not mix the KK graviton and warp factor, making the decoupling of these 
fluctuations manifest. Dimensionally reducing R on this ansatz for §mn leads 
to kinetic terms for the graviton and internal metric fluctuations without 
off-diagonal mixings. Further, the spacetime derivative contribution of the 
extra term in (13. lOj) does not contain graviton pieces (at quadratic order). 
This proves that there are no space-time derivative mixings. This result 
is rederived in Appendix [Bj by performing the computation in the original 
unrescaled metric. 

After having established this, it is straightforward to compute the ki- 
netic term for the graviton modes, since we only need to consider a metric 
perturbation 

8(ds 2 ) = e 2A(y) 8 K g^(x, y)dx»dx v . (3.11) 

The result is a warped version of the linearized Einstein- Hilbert action around 
a flat background [53] . 

Sill = ^Jd*xJd e y^g- 6 e-* A 8 K g^8KG^ 
d A x [ d e yJf 6 e~ 4A 



- \{8 K g^ U8 K g^ - 8 K g U8 K g) + 



v 4 1 
1 



2k{V w 

+ 8 K 9' w {d°d^8 K g v) o-d il d v 8K9) ■ (3.12) 
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Indices are raised with 77^, and 5 Kg '■= ff v &K9\iv in harmonic gauge the last 
line vanishes and we recover the usual kinetic term; however, at this point 
we prefer to keep the graviton gauge arbitrary. 

Expanding SkQ^u in the internal fluctuations of ( 12. 51) . the field space met- 
ric is seen to be 

Gfj, = 4^f d 6 yVf 6 e- 4A{y) YiMYjM , (3-13) 

which, from the orthogonality relation (12.121) . is proportional to the iden- 
tity matrix. We thus obtain a warped generalization of the usual gravity 
lagrangian (again taking JA to be the diagonal part of the metric ( 13.131) ) 

^ = M kk J2E%(x)h^(x) (3.14) 
h 

in terms of the linearized Einstein tensor 

E%{x) := \ - ^ v Uh h + d,d v h h - d,d x h[i - d„d x h^ + rir&Vh*) . 

(3.15) 

Since the four dimensional theory has M = 1 supersymmetry, this is the 
bosonic part of a D-term. In terms of the real vector superfields (which 
contains the graviton and gravitino) and (whose 99 component is the 
Einstein tensor), this D-term is 

£g) = M kk *T 'K 1 E »i (3-!6) 
h 

where we follow the notations of [58] . 

3.3 Kahler potential for internal metric fluctuations 

At last, we are ready to address the problem of computing the Kahler poten- 
tial for the internal metric fluctuations. From our previous considerations, 
this comes from the second order fluctuation of J Rno) generated by the 
complex structure and Kahler moduli metric perturbations, 

5{ds 2 ) = 2e 2A 5A^ v dx»dx u + e~ 2A ( - 25 A g mn + 5g mn )dy m dy n . (3.17) 

The universal Kahler modulus presents additonal subtleties, and its analysis 
is left for future work. 

The full computation is quite long, so we relegate it to the Appendix. As 
a summary, the kinetic terms come from 

-~ J d A x d 6 y v^e- 2A (5g) mn 8G mn . 
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This turns out to be a sum of various pieces containing 5g mn , 5g and 5A. 
After using the constraint Eq. (I2.2ip . surprisingly most of the terms cancel 
and we are left with 

Sj£ = ^rj^xj d e yy^e- 4A 8g mn a5g mn = ± J d 4 x u h Uu ,h 

(3.18) 

where we have used the expansion of Eq. (12. 6p to write this in terms of a 
field space metric, 

G S 2 = 4^/ d 6 yVfee- 4A Y l2 , mn (y)yr(y)- ( 3 - 19 ) 

Note that these expressions are not invariant under 6d gauge transformations 
8g m n = V( m £ n ), and thus to make them well defined we need to specify the 
gauge, which is Eq. (12.221) . We will discuss this point further in |62j. 

Again, the metric (13.191) is proportional to the orthogonality relation 
(I2.13p . so that the kinetic term is diagonal in the different KK levels, 

4S = G (U) 5>W 2 . (3.20) 
h 

This is one of the main results of our work. If one is only interested in the 
propagator of the metric moduli, then even at strong warping it is consistent 
to truncate the analysis to the zero KK level. As was pointed out by [26J, 
a warp factor does induce mixings between the moduli and the unwarped 
KK modes, given in Eq. (I2.8p . We will argue in section H] that such modes 
don't represent light four dimensional excitations. Rather, these are given by 
the warped eigenvectors of Eq. (12.111) . in terms of which there is no kinetic 
mixing. 

Now we can understand better the construction of the complex moduli 
metric. From Eq. (13.191) . the field space metric for complex deformations 
reads 

G S = WwJ d6y V^ e " 4A 5 <*9mn S g mn , (3.21) 

and we have changed to a more familiar notation where 5 a g mn denotes the 
wavefunction Y^ n associated to a complex structure deformation S a . This 
appears at first sight to agree with the form conjectured by [21], but there 
are in fact some crucial differences due to the consistency of the dimensional 
reduction that one should take into account. The analysis is based on the 
gauge choice 

6 agim = (3.22) 
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and the metric fluctuations must satisfy the constraints 



6 a A = ^5 a g , V n (8 a g mn - \g mn 5 a g) = A(d n A) 5 a g mn , (3.23) 

o Z 

which follow from the ten dimensional equations S a G^ v = 5 a G^ m = 0. Eqs. 
(I3.22p and (13.231) specify a unique representative S a g mn from each class of 
(diffeomorphism) equivalent metric fluctuations. Therefore H3.21f) gives a 
well-defined result. 

To see how (I3.2ip differs from the standard moduli space metric, as in [55] 
we write the metric fluctuation in terms of the (2, 1) form \ which is harmonic 
in the unwarped metric, 

d ~ 9mn = —Cl ts y (3 24) 

dS a ||f2|| 2 Xa ' rsn ' 

Then 

A ~ - ^9 mn I X ~* f o 9c\ 

0a9mn ~ gg a + a9 mn {6. ZD) 

where 5 a g^nn * s determined by the constraint equations (13.231) . 

One can check that given a general form for the warp factor, Eq. (I3.23f) 
requires & a 9*mn 0; so this extra term leads to further warp corrections in 
the metric Eq. f[3~2T]) . 

G J = WwJ e X^XB + ^Jdy^e —S g +...(3.26) 

The upshot is that, unless there are further conspiracies in the determina- 
tion of the warp factor which cause the extra terms to cancel, the metric on 
complex structure moduli space is not Eq. (I1.12j) found in [29] but instead 
contains extra terms. It would be interesting to compare this result with 
the moduli space kinetic term in [28], which was obtained by generalized 
complex geometry methods, and to the warping corrections suggested by a 
different type of analysis for the universal Kahler modulus sector in [31] . We 
will return to this question in [62J. 



3.4 Supersymmetry considerations 

We conclude by interpreting the previous results from the point of view of 
the unbroken M = 1 supersymmetry. 

In the unwarped case, the massless four dimensional spectrum falls into 
the following M = 2 multiplets [52J : one gravity multiplet with matter fields 
(g^u, V°), h^ 2 ' 1 ' vector multiplets (V a , S a ), h* 1 ' 1 ' hypermultiplets (t> A , b A , c A , pa), 



19 



Kf = 1 mnltinlet 

J V -L XX.L l^LX U X 1 ./ J_V.. u 


mnltinlicitv 


matter content 




— AnA) 


gravity 


1 


flu 


n 


= 1 


vector 


1 + 


yK 


n 


= 


chiral 


1 + 


(r, S a ) 


n 


= 1 


chiral 


h (l,l) 


(p A ,v A ) 


n 


= 1 


chiral 




{b A , c A ) 


n 


= 


tensor 




(B 2 ,C 2 ) 


n 


= 2 



Table 1: Supermultiplet structure of type IIB supergravity compactified on 
a warped Calabi-Yau. The warp factor power n refers to the dependence of 
the field space metric on e~ 4A . 



and a tensor multiplet (B 2 , C 2 , r). Here, V K are space-time gauge fields that 
come from decomposing C4 in harmonic 3-forms; S a and pA are, respectively, 
the complex and Kahler moduli. The rest of the fields come from expand- 
ing the ten-dimensional 2- and 4-forms as zero forms (B 2 , C 2 ) and 2- forms 
(b A , c A ) on the internal part. 

In the presence of warping, the four dimensional massless spectrum is 
shown in Table HJ The typical warped field space metric is of the form 

Gij = ^-j rf^e- 4 "^ w*(y)wi(y) (3.27) 

where u>i(y) is the wavefunction on the internal space, and the n-dependence 
is given in the table. 

Massive supermultiplets associated to the KK modes also need to be 
included. While the supersymmetry description of spin 1 and 2 massive 
multiplets is more involved, in our case they can be obtained from their 
massless counterparts, via the appropriate super Higgs mechanism. The 
outcome is that each KK level exhibits supermultiplets analogous to the ones 
in Table [H and the kinetic terms in the massless and massive case agree. As 
a consequence, we can use the same arguments as in the massless case to 
restrict the possible derivative terms. 

In this way we can understand why, for instance, there are no kinetic 
mixings between the internal metric fluctuations (chiral superfields) and the 
KK gravitons (real vector superfields). Similarly, the kinetic term for the 
gauge supermultiplet is an F-term of the spinor superfield W a . This forbids 
any warp correction in such a term, because e~ AA is not holomorphic. 
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4 Geometric Masses for KK modes 



In this section we now compute the geometric masses (nonvanishing in the 
limit G3 — ► 0) for the various KK excitations. Flux-induced mass terms are 
discussed in section |5j It will be seen that such terms do not induce additional 
mixings between the zero modes and their KK excitations, precisely due 
to the orthogonality relations. We do find mixings between graviton KK 
modes and those from the internal metric, and point out that they may be 
interpreted as a warped generalization of a Higgs-type mechanism. 



4.1 Scalar field case 



To illustrate the physics behind the choice of the proper mode expansion, 
we now work in detail the case of a ten-dimensional scalar field; the other 
modes follow a similar pattern. Consider the action with a possible nontrivial 
potential, 



zk 10 J V 



(4.1) 



Using the ansatz 

i 

the dimensionally reduced action becomes 



S 



d x 



(Y h e- AA Y 3 ) Vl U Vj + (Y h V%) ifiifj + V(ip) (4.2) 



where we have introduced the natural inner product on the Calabi-Yau man- 
ifold, 



(f,g)-= d%^%f(y)g(y). 



(4.3) 



Both operators e~ AA and V 2 are self-adjoint with respect to this product, so 
that we have a well-defined action. 

A preferred basis for Yi(y) would be the one in which both the field space 
metric and mass matrix are simultaneously diagonalized, if possible. In our 
case, such functions are given as the eigenvectors of the following differential 
problem: 

V 2 Y l (y) = e- iA ^\*Y l (y). (4.4) 
Then the action acquires the desired diagonal form 



S 



d 4 x 



G Vi {n + \l) Vi + v{ v ) 



(4.5) 
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One arrives to the same results by requiring that the 4d scalar has a 
well-defined mass, rj^ u d^d v ipi = — A?^. These are the mass eigenstates in 
the limit V — ■> 0. It turns out that Eq. (14.41) has a nice interpretation as a 
Schrodinger equation for the wavefunction Y{ with a potential determined by 
the warp factor [33j HH] • Light warped KK modes correspond to the bound 
states of such potential, while the unwarped modes are associated to states 
whose interactions are warp factor insensitive in a box of size Vw- The low 
energy dynamics contains massless modes (such as the 4d graviton) and these 
bound states. One could insist on describing the system with the unwarped 
eigenvectors but this would require a very large number of fields, as seen 
from the overlap matrix (1^,3^-). 



4.2 Dilaton and j>form KK modes 

The dilaton is a particular case of the previous discussion. After expanding 
around tq, the mass matrix reads 

MS. = Alm l oVw J <PvVF*YiM V 2 ^(^) = M? \\ • (4.6) 
Therefore, 

£ (r) = M kkJ2t h (D + X 2 h )i h . (4.7) 
h 

Similarly, we can write down the mass term for the vector coming from 

C4 

M ( p 2 V 1 A mV j (4.8) 

where 

r( y ) 2 _ 1 f 



MYj ] =-— / e^d X i(y)A^d X j(y). (4.9) 
4 Vw Jm 

Notice that, while the field space metric for the vector is unwarped, the 
warp factor enters into the mass matrix. Therefore this sector also exhibits 
light bound states, much as in the scalar field discussion. 



4.3 Mass terms from dimensional reduction 

The KK masses for the metric fluctuations follow from the effective action 
1 



eff 



Ak 2 



(5grSG^ + (5gr n 5G r 



(4.10) 



if we consider the metric fluctuations (13.71) . but with variations being space- 
time independent. The conformal rescaling used to explain why there are 
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no spacetime derivative mixings between the graviton and internal metric 
modes does not rule out mass mixings of the form 8xg 8g. Therefore we need 
to consider both types of fluctuations simultaneously. 

The full computation is relegated to Appendix [Bj After making use of 
the constraints in ( 12.21ft and ( 12.22ft . the mass terms simplify to 



Smass = 4^2-/ ^g~ 6 [~<W^ V 2 {8 K g^ 8 K g) -8g mn 8G mn + ^8 K g8R 

(4.11) 

The first two terms give rise to geometric KK masses for the graviton and 
internal metric, while the last one mixes these massive sectors. We conclude 
that there are no mixing with the metric moduli, which satisfy 8G mn = 0. 
It is easily seen that 8G mn = implies 8R = for a background unwarped 
metric which is Ricci-flat, i.e., R — 0. 

Eq. (14. lip shows massive gravitons coupled to KK modes from the in- 
ternal metric. This has a natural interpretation as a Higgs-type mechanism 
triggered by the spontaneous breaking of ten dimensional diffeomorphism in- 
variance ((<7 M „) and (g mn ) are nonzero). For instance, in the original Kaluza- 
Klein compactification on IR( 3,1) x S 1 , the infinite tower of massive spin 2 
fields comes from combining the 4d gravitons plus Goldstone modes of spin 
(from g 55 ) and spin 1 (from g^ 5 ) [SH]- As in the gauge theory case, it should 
be possible to represent the massive states by a gauge invariant field com- 
bining the states of helicity 0, 1 and 2. This was done for the S 1 case in [60J. 
It would be very interesting to extend that analysis to the warped compact- 
ifications discussed here, and also to provide an explicitly supersymmetric 
construction 



5 Flux-induced Masses and Mixing 

So far we have analyzed, in turns, how the different degrees of freedom prop- 
agate in spacetime, and then what is the mass structure that they inherit 
from the underlying warped geometry. The last missing piece in the analysis 
is given by the effect of background fluxes. 

In truncations to the zero mode sector, the main role of these quantized 
fluxes is to lift the complex moduli, via the Gukov-Vafa-Witten superpoten- 
tial. It is well understood how this contribution arises in unwarped scenarios 
but, as expected, the presence of warping introduces many new subtleties. 
For instance, at constant warping the Chern-Simons term is topological and 
does not contribute [18] . However, a warp factor introduces a nontrivial 
moduli dependence, from the relation C 4 = e iA d 4 x. 
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In [22], it was argued that the GVW superpotential in the presence of 
warping is not modified. However, this analysis did not take into account 
the warp factor variation and the CS contribution. On the other hand, the 
analysis of [26] was consistent with a GVW-type superpotential even in the 
presence of warping. Their approach is based on a direct ten dimensional 
analysis, where the potential is identified as the time component of the Ein- 
stein tensor fluctuation. We would like to understand what is the 4d role 
of this, and so we present a derivation based on the compactified effective 
action (12. 24ft . In this section, we will also analyze the effect of fluxes on KK 
modes. 

5.1 No mixing with £>-form modes 

Before starting our analysis of the flux potential, we show here that there are 
no mass mixings between the complex moduli S and KK modes coming from 
(52,6*2, C4). After dimensional reduction, these lOd forms give 4d forms of 
various ranks. The first point to note is that, due to Lorentz invariance, 
the scalar field S can only mix with the zero forms; hence we restrict our 
attention to them. 

First consider possible mixings coming from C4 and the self-dual term. 
To account for self-duality, we set F 5 = dC± and multiply by two the terms 
where C4 appears. After eliminating half of the degrees of freedom, the 
remaining KK modes from C4 which contribute to F 2 term are either 1 and 
2-forms in space-time, which cannot lead to mixing with moduli by Lorentz 
invariance, or 0-forms. Explicit computation shows that the scalar coming 
from C4 does not lead to mixing. 

Next, the bilinear terms involving S and the zero forms from (B 2 , C2) 
come from combining the \G 3 \ 2 and CS terms, yielding the usual term 

Smix = ~ir~2~r I G 3 A( Mo G 3 + iC A A G 3 ) . (5.1) 

4/s:f Imr J v ' 

Here we assume a constant dilaton background; mixings with the dilaton 
KK modes will be analyzed momentarily. Expanding in a complete basis of 
internal two forms lva{u), the KK mode contribution to the 3-form reads 

6G« K = d([c A (x) - rb A (x)} u A {y)) , 

where a sum over A is implicit. If 10 A G H 2 (M), we recover the usual four 
dimensional zero modes which do not mix with S. Here we are interested 
in the massive modes, for which u A is not closed. Replacing in ( 15. ip and 
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expanding to quadratic order in the fields, we have (note that there are no 
quadratic terms with spacetime derivatives), 

Smix = - , 2 \ [ d 4 x(c A - rb A )S [ du A (x) A ds(e iA [k 6 G 3 + iG 3 

4<)Imr J J M V 



(5.2) 

Under a complex moduli fluctuation, the G 3 equation of motion implies that 
A = e iA [*§G 3 + iG 3 ] is closed, so S m i x = after integrating by parts@ 



5.2 Flux-induced mass terms 

The flux-induced masses for metric moduli and KK modes follow from Eq. 
( 12.24p . This involves computing the fluctuated energy momentum tensors 
from G 3 and F 5 , and then contracting with the fluctuated metric. Also, 
recalling that we are working in backgrounds satisfying e 4A = a, one gets 
extra pieces coming from the gravitational part SGmn, which depends on the 
warp factor. Furthermore, following section 12.21 the equation of motion for 
a has to be imposed as a constraint, and this introduces flux dependence. 

It turns out that the computation may be done including the moduli 
(the relevant ones here are the complex moduli and axio-dilaton) and their 
KK modes, in a symmetric way; refer to the Appendix for more details. In 
summary, the flux induced mass terms including moduli and KK modes are 

s "- = -sk W ** ^ e ' 2A i i &T i 2SA <lh§> + 



"10 



8Imr V ,VH 6 



(5.3) 



where the variation '5' in the last line includes both the axio-dilaton and 
internal metric fluctuations. To make the result more compact, indices with 
tildes are raised with g m n, while the ones without tildes are raised with 

—2A ~ 
9mn 6 Qmn- 

Restricting to the zero mode sector, this result shows the usual lifting of 
the moduli by fluxes. However, we would like to stress that we are including 
KK modes as well, as can be seen by inserting the mode expansion ( 12. 6j) into 
( 15.31) . The general analysis of the Appendix shows that there are no flux 
masses for the graviton KK modes. Further, one may check that only the 
traceless parts of the metric fluctuations are lifted by the fluxes. This is the 
familiar statement that Kahler moduli are not stabilized at this level, but it 
also implies that the trace part of the massive modes does not couple to the 
fluxes. 



J In particular, A is a linear combination of fl and xs- 



25 



5.3 Computation of the potential to all orders 

One very interesting consequence of Eq. (15.31) is that the flux contribution 
may mix the zero modes with the massive fluctuations. It is very important 
to understand such mixings, since so far all the other terms in our effective 
action do not exhibit this effect (at least to quadratic order). 

Unfortunately, Sfi ux presents a rather complicated structure and it seems 
that statements about mixings will depend strongly on the particular back- 
ground, with the corresponding flux choice and form of Sg mn . Nevertheless, 
we now describe an alternative approach for finding Sfi ux which may be bet- 
ter suited for answering these sorts of questions. 

The method is based on two observations: first, to compute the poten- 
tial it is enough to consider space-time independent fluctuations. Also, the 
expression as a power series ( 12.24ft is only necessary to identify the 'geomet- 
rical' KK masses. In order to find the flux potential such terms may be set 
to zero, and an appropriate use of the lOd equations of motion gives us an 
answer to all orders in the fluctuations. 

This is in fact the spirit of the original GKP derivation [T5] or the more 
detailed approach of [29]. However, for a nontrivial warp factor some terms 
would be missing in their derivation, and we also want to include KK modes. 

The terms contributing to the potential are 



s* ■ / jio /^— in_ G*3 ■ Gs _ F 5 2 i ^ i f C4 A Gs A Gz 

bflux ~2K\J XV 9 \ T2Im7 480/ 8«? J Mr 



(5.4) 

First, the Ricci scalar part has the form 

J d 10 x^R = J d 4 x J d 6 y^ [-8e 4A (VA) 2 + ...] , (5.5) 

where the dots refer to terms induced by the KK modes, which are related to 
their geometric masses and do not depend on moduli. The flux dependence 
here comes from the equation of motion 

Next, the G% term is already in the desired form. Finally, after integrating 
by parts and using the Bianchi identity for the 5-form, the _F 5 2 and CS terms 
give 



d,, ^m + ij i m ; - ^-*j**j 

Combining these contributions, we arrive to 

S flux = J d A x j ^- G 3 A ( * 6 G 3 + tG 3 ) . (5.6) 
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As a check, the second order variation of this expression reproduces our 
previous result Eq. (15.31) . 

Summarizing, Eq. (15.61) gives the full flux potential for the metric fluctua- 
tions including KK modes. This has the same form as the potential including 
only complex moduli. There are, however, two differences. This expression 
is valid including axio-dilaton fluctuations, while the original derivation set r 
to a constant. Further, the massive metric modes are encoded in the Hodge 
star. One cannot use the method of [29] to obtain the GVW superpotential 
from here, since for arbitrary massive fluctuations we do not know which are 
the 3-forms with definite self-duality properties under *6- We plan to analyze 
these issues in a future work. 
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A Axial gauge equations for time dependent 
moduli 

As discussed in Section 2.1, when the internal metric moduli are space-time 
dependent there can be additional fluctuations of the 10-dimensional metric 
which are proportional to spacetime derivatives of the moduli [26] 




5 c ds 2 = 1d il d v u\x)e 2A K I {y)dx ii dx v + 2e 2A B Im {y)d i ,u\x)dx^dy m . (A.l) 



In general, these fluctuations can be gauged away by an appropriate gauge 
choice 



The only remaining gauge transformations allowed that preserve this gauge 
choice are spacetime independent internal diffeomorphisms d^e m = and 




e 



■m 



-d,u I (x)e 2A K I (y) 

u\x)d m {e 2A K I {y)) - 2e 2A B Im {y)u I {x) . 



(A.2) 
(A.3) 



27 



pure four-dimensional diffeomorphisms d m e^ = 0. Note that this gauge 
transformation induces a non-zero time dependent transformation of the 
fluctuated internal metric, Sg mn — > Sg mn + 2V( m e n ), so that if the space- 
time dependent fluctuation started in transverse traceless gauge, it will no 
longer remain so. 

One of the special features about GKP backgrounds that simplified our 
calculations is that the flux sector does not get modified when the moduli 
are promoted to space-time dependent fields. Therefore it's worth describing 
this in detail. 

Promoting the moduli to spacetime dependent fields leads to the possi- 
bility of fluctuations in the p-form fluxes of the form [26] 

5 C (C 2 - tB 2 ) = du 1 A Tj , 5 C C 4 = du 1 A Sf ) + Mdu 1 A Si . (A.4) 

These fluctuations are found as solutions to the fluctuated equations of mo- 
tion 

45j(*ioG 3 -iC 4 AG 3 )] =0, (A.5) 
d8 T F 5 = 5j (# 3 A F 3 ) + 2K 2 10 T m 5 I (p l ° c ) , (A.6) 

where 5i := u I (x)di. The fluctuations are subject to the self-duality relation 
SF 5 = 6{* W F 5 ). ' 

We will take the localized sources to be far away from the cycles on which 
the moduli are localized, so that 5(p l ^ c ) ~ 0. For instance, for a D3 brane at a 
distance y = yo from a warped throat with scale e Amin ~ A, these corrections 
are suppressed by A 4 /|y | 4 - More concretely, in the embedding of the KS 
solution in a compact 3-fold given in [IS] . \yo\ 6 ~ V( 6 ). However, it would 
also be interesting to understand the effects of localized sources inside the 
throat, for applications to sequestering and supersymmetry breaking (see, 
for instance, [HI S31 

Solving the flux equations of motion ( 1A.5llA.6j) . subject to the self-duality 
constraint, it is easy to see that the internal space part of the fluctuations 
( 1A.4I) are constant, dTi = dSi = (we also find that = 0). Since 
these are closed one forms on a Calabi-Yau space, they must be exact, which 
implies that they can be gauged away. This is the gauge choice we have used 
in this work. 

There are situations where this is not the case, and having time-dependent 
moduli has physical effects on the p-forms; a related example is analyzed 
in [39]. Here, the reason why we can set Tj — Si — Sf = is that the equa- 



tions of motion (IA.5I) and flA.6[) are actually time-independent. Therefore, 



promoting the moduli to fields does not induce changes in this sector. 
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B Warped KK mode effective action 
Fluctuated equations of motion 

We begin by collecting the relevant supergravity formulas for the ten di- 
mensional fluctuations, following |26j. The fluctuated Einstein's equations 
are 

5G% = k 2 w 5T n i , (B.l) 

where raising one of the indices simplifies the computation of (12.201) by elim- 
inating derivatives of the warp factor. First, 

5(G$) = 6^[-^e 2A R+^e- 6A d m e iA d^ A -^e~ 2A V 2 e iA } + 

+ e- 2A 5 K G { ^- l -e 2A V 2 {5 K gi-5^ K g) (B.2) 

where 5xg '■= if^&KQiiv and SkG^ 4 ' is the four-dimensional Einstein's tensor 
for T]^ + Sxgfiu- On the other hand, 

8{G™) = 5[e 2A (G™ + ^e~ SA 5™d p e 4A dVe AA -h- SA d n e 4A d™e AA )] 
+ I [ _ e - 2A ^ m (e 4A d n) 6 K g) + S™V*(e 2A d p 6 K g)] + 
- l^e- 2A 6 K R^ - \e- 2A U5~gt + -^e' 2A U5g . (B.3) 

The index notation is 8xgt '■= V^^Kgxu and 5g™ := g mp Sg pn , and similarly 
for other tensors. Finally, 

6G» m = e~ 2A d» ( - - A d m 5~g - 2d? A 6~g mp + 6~g mp ) . (B.4) 

The energy momentum tensor has contributions from the three and five 
forms, and from other local sources (3-branes and orientifolds) : Tmn = 
Tmn + ^mjv + ^mn- A straightforward computation gives 

T (5), +T (3), = _ 1 5 ^ e -eA dmad rn a+ ^_G3^ ( B . 5 ) 

10 oim t 

Tg^ + Tg* = 7 ± T l-e^ A (d m ad*a- l -5 n m d p ad?a) + 

10 

+ ^ (G mpq G n ™ + G n m G™ - i^G 3 • G 3 )] . (B.6) 
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Besides the fluctuated Einstein's equations, the three and five form equa- 
tions of motion become constraints on the four dimensional fluctuations: 

5{V 2 a - 2e- 6A d m ad™e 4A ) = 5 (ie 2A ^ + 2^ e 2A T 3 p l ° c ) (B.7) 

d[e 4A (5 * 6 G 3 )} = (B.8) 

where in the last line the fact that the background is ISD was used. Another 
constraint follows from fluctuating the self-duality condition ^10-^5 = F§, 
which is equivalent to * 10 0IC4 = B 2 A F 3 . In our case, under a metric fluctu- 
ation, fluxes stay fixed at their quantized values, so we get 

<J[*io dC 4 ] = . (B.9) 

In this work we will restrict to fluctuations that preserve the form of the BPS 
condition a = e 4A , i.e., 5 (a — e 4A ) = 0. 

These properties of the BPS flux compactifications that we are consider- 
ing are at the root of many restrictions in the possible mixings. The (/zz/) 
fluctuated Einstein equation simplifies to 

5G» - k 2 w 5T>? = e~ 2A 6 K GP * - \e 2A V 2 (6 K g£ - 5? 5 K g) + 

- ^ A 5R-5^ 2 10 T 3 5p l r-n 2 w 5Tt ocu . (B.10) 

We remind the reader that hats denote indices raised with 77^. Similarly, in 
the (ran) component all the a and A variations cancel, yielding 

5G™ - k 2 10 6T™ = e 2A 5Gt - 5 [gj~: {2G mpq G npq - l -8 n m G 3 ■ G 3 )] + 

- l -e~ 2A U 6~g™ + \e~ 2A 8™ U8~g- \e~ 2A V™(e 4A d n 6 K g) + 
+ \5^{e 2A d p 5 K g) - l -e~ 2A 5™5 K Rf » - k 2 10 5T™ „(B.ll) 

where we already combined the symmetric terms, since this is going to be 
contracted with 5g mn ; tildes refer to indices raised with g mn . Finally, the 
((ttm) equation gives the constraint 

- - A d m 5~g - 2d*A 5~g mp + 5~g mp = . (B.12) 
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Derivation of the Effective Action 



Using the previous fluctuated equations of motion gives, after contracting 
(13771) with (JET2} and (!R3|) . 



S. 



eff 



- \ d 4 x j (/"// v Ay ( ; 



1 



1 - - p ZA 1 

-e" 4A + 8~gl 5G™ - ^p8g* (2G npq 5G m ™ - -8? 5[G 3 • G 3 ]) 

+ i(-<^i? + ~<WV 2 ^) + l -e- 2A { - e- 2A 8~glV^(e iA d n 8 K g) + 

- ^V^(e 2 ^^) + ^e-^ (B.13) 



where the last term stands for 



8g 5T loc := T 3 5 K g 5p l ° c + 6 k9 ; 5T? ocu - \b~g 5T™ m + 5~gl 5T™ n . (B.14) 



To avoid cluttering, the dilaton fluctuations have not been included; they 
will be considered shortly. 

The final step in the computation is to impose the constraint (lB.12j) . after 
which we obtain 



C _ q(KK) n{S) q (r) q 
°e// — ^eff ~r °eff °eff 



(B.15) 



where 



q (KK) 
b eff 



~ j d A x J d%^[e-' A 6 K g;6 K G^^~6 K g;V 2 {6 K gi:-6i:6 K g)} 

(B.16) 

is the usual graviton KK mode action, while the one for internal fluctuations 



is 



~ J d*x j '^^[- \e~ iA 6~g mn n 5g mn + 6~g mn 8G mn ] (B.17) 
and the dilaton part reads 



a(3) 

b eff ' 2 



Sit =Uxl d%Vf,[- 7 ^—,e^ A 5 K fD5 K r + —S—fcrV'fer] . 



J eff 



-4(Imr ) 2 



4(Imr ) 2 



The mixing term has the structure 



S m ix = ~ I d 4 x / d 6 y y/g 6 



-5 K g 5R + k\ e 2A 5g 5T ioc 



(B.18) 
+ S flux , (B.19) 
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where the flux contribution is given by 



, Gz ■ G$ 
■ 24Imr 



+ 



;b.2o) 



Where there is no confusion we have eliminated the hats and tildes, and in 
the last line the variation 5 includes complex moduli and dilaton fluctuations. 
The flux contribution may in principle mix the complex structure zero modes 
with their KK excitations and the axio-dilaton KK modes. 



C Summary of warped effective theory 



Inserting the mode expansions of the fields into (IB. 15j) and integrating over 



the internal space gives rise to the complete four dimensional effective action. 
Throughout the paper we computed the effective action in separate sections. 
Here we collect our expressions for the four dimensional effective Lagrangian 
for the complex and Kahler moduli, graviton KK modes, and dilaton KK 
modes: 

= GM ^ (□ + A) ^ + M kk £ K x {E% + \ltf v ) 
h h 

+m? e * h (° + x l) th + E A ^ flfJl - E^ j2/i/1 
+ E( a ^ - ^) uhuJ2 + E B *** ulHJl ■ 

h,J2 h,Ji 

The various matrices here are defined as 

G(U) = 4^ / ^vVf^Y^Y 1 *™ (C.2) 

M kk = -A(lmr ) 2 M kk = [ d 6 y^/f 6 e-* A Y h Y h (C.3) 

2V W J 

aiiJ 2 = / <fvy/T*Y% n {Y J *™' ~ \Y p ^g mm ')G n pq G% (C.4) 
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PhJ2 
7/1 J 2 



1 



16ImrVV 
1 

41V 



d 6 y^Y l2 (y J2rT> ~ \Y p J ^~g rr ')G pqr G p r f (C.5) 



-2A \ G 3 



mn 
2 



AVx 



(Imr ) 3 

\- [ d%^/f 6 e~ 2A Y l2 ™Y Jl 
nv J 



(C.6) 
(C.7) 



Gmpq 3 9mn \ G3 



(Imro) 1 



(C. 



In the limit of weak warping e A ~ 1, this reduces to the usual unwarped 
4-dimensional effective theory. 
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